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Example_e &55//{/ department in a works has 10 machines which may need adjustment
om time to time c?urmg the day. Three of these machines are old, each having o probability of
1/11 of needing adjustment during the day, and 7 are new, having corresponding probabilities

of 1/21.
Assuming that no machine needs adjustment twice on the same day, determine the
probabilities that on a particular day -

(i) just 2 old and no new machines need adjustment.

() If just 2 machines need adjustment, they are of the same type.

Solution. Let p; = Probability that an old machine needs adjustment = % =q,=1.

11
and P» = Probability that a new machine needs adjustment = % = 4= %-

Then Py(x) = Probability that ‘x’ old machines need adjustment

=(3)ronr==(2) (&) (B) " ix-01,2:

and Py(x) = Probability that ‘x’ new machines need adjustment

B T

(i) The probability that just two old machines and no new machine need
djustment is given (by the compound probability theorem) by the expression :

P =(3) (1) (1) (8) = oo e
i (il Similarly, the probability that just 2 new machines and no old machine need
J“Stment is -
2 5 .
ror@-(9 )@@ 0m e

typ?!}e PIObability that ‘if just two machines need adjustment, they are of the same
- 18 the Same as the probability that ‘either just 2 old and no new or just 2 new -
ool Machines need adjustment’.
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Example 8-22. Seven coins g
repeated 128 times and the following

re tossed and n

umber of heads noted. The experiment ¥

distribution is obtained :
[No. of heads 0 1 2 3 4 5 6 7
[Frequencies /76 19 35 30 23 7 1
— "

Total
128
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PR‘W‘ distribution ae’:suming, (1) The coin is unbaised, (ii) The nature of the coin is
oo (i) probability of a head for four coins is (.5 and for the remaining three coins s

i . In fitting binomial distr ibution, first of all the mean and variance of the
uated to np and npq respectively. Then the expected frequencies are

:‘“ﬁde?mm these values of n and p. Here n = 7 and N = 128,

K‘ c‘”lwhmthr:coinisunbiased: ;;:q:%. L’=1
i

2

Using the recurrence formula (8:15), the various probabilities, viz., p (1), p(2), ...
| abeeasily calculated as shown below :

p(0)=4" =( %)7 =55 sothat  f(0)= Ng" = 128( '-)7 -l

S
A

A COMPUTATION OF EXPECTED BINOMIAL FREQUENCIES
B : n-—x n-x p Expected frequency -
h" & f fx x+1 x+1 g ftx) = Np (x)
=t I 7 0 7 7 f(0)=Np (0)= 1
B 6 6 3 3 f)=1x7 = 7
$: v 38 : 2 f2)=7%x3 =21
43 3 105 1 1 f3)=21x} =35
3 3 - -
(4 20 120 : % fiy=35x1 =35
g 3 115 ! : f(5)=35><=f =21
g’ 7 42 ! : fi6)=21x5 = 7
R 1 ot f=7xt =1
Case Il. When the nature of the coin is not known, then
n
=_1 433 _ 4. . =
M:np:xzﬁgﬁxi= 1—2—8'—33828, ".n 7

338 o P _o.
| p=—3~2.8.=0,48326 and q=1-p =051674, = [ =093521

f0) = N¢7 = 128 (0-5167)7 = 1:2593 (using logarithms)
l ATION OF EXPECTED BINOMIAL FREQUENCIES

nex p Expected frequency
x+1 fx) = N p(x)

= 12593 =

7 0) = Np (0) 3

gma ﬁl) =12593x 654647 = 82438 =

1.55868 f2)= 2.80563x 82438 =23129 =

109352 f3) = 155868 x 23129  =3605 =

156113 fig) =093521 x 3605 =33715
g7 A5)=086113x 33715 =18918
B 3 m.lo'sn7‘x 18918 = 5897
| hm=013360x 5897 = 0788

~o T REB 2 ~

n n
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whete n is the total frequency, i.e. the total number of sets of m
trials each. _

Example 8.1 Twelve dice were thrown 2,630 times and each
time the number of dice which had 5 or 6 on the.uppermost face
was recorded. The results are shown in the following table :-

Number of dice with {0 | 123|456 |7 |8]9 |10}l 12
5 or 6 uppermost '

Frequency 18 {115{326]548|611(519 307|133 40 11{21010

Graduate the observed distribution (a) with a binomial distribution for

which p is unknown and (b) with a binomial distribution for
which p = 1.

Case 1 : . Here to fit a binomial distribution, p has to be estimated
from the obser_ved distribution. The mean of the latter distribution is

2 xf,
x:gl—:'—z%f%ﬂ-osa%;

so the estimate of p is

w 4
L P

The probabilities fix) are calculated by using the relation

f(");(.m_;ﬂ Xg) x flx~1),

for x=1, 2, ... , m. Here
f0)=qm,
o log f(0) = mlog§ = 12 x log 0- 66217
=3.8516340 = ‘

log0- 0071061,
b ﬂo)- 00071061, ;




1O/

TABLE 82

FrrrinG A BINOMIAL DISTRIBUTION TO THE FREQUENCY
DisTRIBUTION OF NUMBER OF DICE SHOWING 5 OR
6 v 2,630 Turows OF 12 DICE (p ESTIMATED FrROM Data)

xc | Expected
X -——-———'"-: £ col. (2)x p/g | fx)=flx-1). frequehcy Observed
e xcol. (3) |=nxcol. (4) | frequency
(1) (2) ®) . (4) (5 (6)
.l — = 00071061 | 1869 18
1|12 612228 00435055 | 11442 115
2|55 | 280604 01220782 | 32107 126
3| 333333 | 170063 | 02076098 | 546:01 548
4 | 225 1-14793 02383215 | 62679 611
s |16 081630 0-1945418 | 51164 519
6 | 116667 | 059522 01157952 | 304-54 307
7 | 085714 | 043730 00506372 | 13318 133
8 | 0625 031887 00161467 | . 42:47 40
9 | 044444 | 022675 00036613 9-63 11
10 |03 015306 0-0005604 147 2
1ot A 00000363* | 0:09 0
Total | — . 1-0000000 | 2,630-00 2,630

8 . 10
*Obtained from the identity : fil1) +f12)=1- 2.f(x)

Case 2 : Here the procedure is the same as in Case 1, but for
P we now use its given value, 1/3. So

f0) = g™ = (213)'%
Or: ‘log fi0) = 12(log 2 - log 3)
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Frrng A B

DiSTRIBUTION OF
6 v 2,630 THrROW

TABLE 83

NOMIAL DISTRIBUTION TO THE FreQuENCY

Numser OF DICE SHOWING 5 or-
s ofF 12 Dice (p= %)

Expected
L —: +1 fix)y=flx—1) | frequency | Observed
col. @ x pf/g| xcol. 3) | =nX col. (4) | frequency
Ml @ (3) (4) (5) (6)
sk . £ 0-0077073 2027 I8
1112 6-00000 0-0462438 121-62 115
28 55 2-75000 01271704 334-46 326
31 333333 1-66667 0-2119511 557-43 548
41 225 1-12500 02384450 627-11 611
St 16 0-80000 0-1907560 501-69 519
6 1-16667 0-58333 07112737 292-65 307
71 085714 0-42857 0-0476886 12542 133
81 0625 0-31250 00149027 39-19 40
91 044444 0-22222 0-0033117 871 11
10} 03 0-15000 0-0004968 1-31 2
1,12} — ~ 0-0000529* 014 0
ot ait - 10000000 | 263000 | 2,630

10

*Obtained from the identity - f(11) +f(12)=1- 3.f(x).
x=0

."y
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: Example{i?@f/a Poisson distributi
4 ) tribut ; s o
in @ sanple of clover seeds, ution to the following data which gives the number of

.‘ A7

L No. of doddens (x) ; _
Observed fre : : . s T e 4 ;
se quency () : 56 156 132 92 37 22 4 0 1
Solution. e L LY o280,
| N 2fx=55=1972
| Taking the mean of the given distribution as the mean of the Poisson distribution
e want to fit, we get A=1972, and
: e X
p(x)=""7%1 el 2, ...i0%. F* p(0)=e‘}‘=e'l'972, so that

log 10 p(0) = — 1:972 log 1o € == 1972 0-43429 = —0-856419 = 1.143581

| * p(0) = Antilog (1.1436) = 0-1392
| Using the recurrence formula (8-21), the various probabilities, viz., p 1), p () .-
be easily calculated as shown in the following table :

CALCULATIONS FOR EXPECTED POISSON FREQUENCIES

j A Expected frequency
e ¥+ 1 pe) N.p(x) = 500. plx)

y 1972 013920 696000 ~ 70
. ! 0-986 0-27455 1372512 ~ 137
B 0-657 0-27006 1353296 = 135
d 0493 017793 889566 ~ 89
4 0394 0-10964 438556 ~ 44
0-328 003459 172966 =~ 17
0281 0.01137 56846= ©
0.247 000320 16013 2

0219 000078 PRI W

est integer it has to be kept in mind that the

ounding the figures to the near
and the expected frequencics should be same
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Example 8.3  Fit a normal distribution to the frequency distribu-
tion of height of Indian adult males given in Table 3.10. Also draw
the fitted curve over the histogram of the observed distribution.

For the distribution of height of Indian adult males, the mean
and standard deviation were found 1o be

%=164-734 cm. and s = 5-472 cm.
Here n=177 and njs =32-3462.

TABLE 8.6

Frrring A NorMAL DISTRIBUTION TO THE HeGHT-DISTRIBUTION
ofF INpiaN Aputt Maies (TasLe 3.10)

Height Ordinate Expected  Observed
(em) r=(x-X)fs HD i ) AW  frequency  frequency

x i nx AND

(n (2) (3) (4) (5) (6) (7 (%)
~on ~o 0 0 0
4455 3689 00004424 00143 00001126 o o0r120% 002D ;
14955 2775 00084874 02745 00027604 - oior s 0499 '
15455 1861 00706097 22839 00313727 ooz 5064 ,
15955 -0947 02547828 82412 01718219 002 24860 24
RO s Gdoson Bhiss oagaaey - (3146108 - 556687
16955 0880 02708640 87614 08105703 _ — 016 ST371 60
17455 1794 00798081 25815 09635916 ~ oo0213 27085 27
17955 2708 00101984 03299 09966152 ° o036 5845 2
18455 3621 00005673 00183 09998533 = 02381 0573 g

0 @ 0 0 | 0-0001467** 0-026 0

Total s

2y 10000000 177000 177

It is the probability Plx < 144'55). **It is the probability Px > 184-55)

With
these, we can now compute the expected frequencies for

the different class-intervals
: and the ordi :
in the manner explained above. In the .51 The clagebonni

. tables, i

::; values of 7 at intervals of 0-0] while insthﬁ( T)r::ed a8 glmvﬂ‘

d!(:)n fr:(x-—i)/s correct to 3 decimal places Fl; nt.case Phats
) for these values, we have used lin A Elhmning._' ) ‘ﬂi’f‘ﬁ 3

~ The agreeme s IO iBterpolation. it oo

162 <
¥ st

Scanned with CamScanner



PROBABILITY - DENSITY

LD

=
1

i
|

Scanned with CamScanner



FUNDAMENTALS OF MATHEMATICAL STATIST
ICs

.63. Given the hypothetical distribution :

s oA 28 0. qfcells (x) : 0 I 2 3 4 5  Totgl
‘r:" e Frequency (f) : 213 128 37 18 3 1 400
e Fit a negative binomial distribution and calculate the expected frequencies,
Solution. Let X be negative binomial variate with parameters  and p.

= Mean = Lf" 73 _ 06825 = Gg=1-p) o
W = Z{f =21 = 12775
My =y — 2 = 12775 — (0-6825)2 = 0-8117
Variance = 0-8117 = ;;? W
Dividing (*) by (**), we get p= 0258 _ (.8408, g =1-p=015% 4
_PXO6825 _ 05738 _ 5 04 (From ()

g~ 01592
since, r being the number of successes cannot be fractional.
fo =p"=(-8408)* =0-4978 ~0-5

f —Gigqfo—rqfo—05738x05 0-2869
(. rqg =p x0-6825 = 0-5738 [From (***)]
fo =555 - fi=3 01592 % 02869 = 0-1142
fr =5t2.4 f2=~—x01592x01142 0-0364
fo =553 .4 f,= 7% 01592 x 0.0364 = 0:0101
fs '2—:%'4 f4==-x0 11592 x 0-0101 = 0-0026
* Expected frequencies are : (N = 400) =
Nfy Nf Nf, Nfs Nfi 1.04
e 3AT6 ., 4568 1456 404 ;

128 37 T RTIE SR
115 46 14
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Theorem : 3. If Ay, Ay, .oy Ay (1 22) are n events, thep,

p(% Ai):%P(A,-)— 2 PAA)+ X
i=1 i=1

P(A; A,
I<i<j<n ISi<j<k<np A Ay

— et D)™ P(AGA; LAY

(L7
Proof : We shall prove this theorem by the principle of inductiop,

Previously in Theorem 2, we have already seen that this

n =2, 3. Let us assume that this theorem 1S true for n =
establish that this theorem is also true forn=m + 1.

theorem s trye for
m. Now we ghg

Now,

] P(gl )+P(A"’“) P{ZA) m+|} [By Theorem 2]

P(A)) -
LPA) 2PAANE Tpa A 1A
'<J<m l<l<]<l\<m
+ (—l)m"l P(AIAZ m) + P(Am+l) - P EAJA",H}
m+1 i=1
(A D= Y P(a,
{ : ‘sESm( ¥, )+ i - P(A A° Am)
L XA, )
- ms)) = P
+1
>

P(ay) -
Lg . ', l.' iHE‘CI(A[ j)+ 2 P(A‘Amﬂ)]




Thus we see that if this theorem is true for n = m, then this is also true for n

=m+ .
But we have already seen that the formula is true for n =2, 3 : so this

formulais true forn=3+1=4,4+1=35etc.
So this theorem is true for any positive integral value of n.
Note : The result (1.7) can also be written as

P(.'é’n A.') - i:zlP(Ai) - ZP(A,- N Aj)+

I<i<j<n
Y P(anA AA) -+ ()T P(A N A NN A,) (1L7a)
1i<j<k<n

Theorem : 4. If {A,} is a monotonic sequence of events, then
lim A,,) = lim P(A,).

n—eo n—oo

Proof : Case I. When the sequence {A,} is monotonic non-decreasing or
expanding sequence of events.
In this case
A C A, CA,C
and hence,

i Ai = An
i=]

ie, imA, =Y A, ... (1)

n=|

N
>

It we consider another set of events B, B,, ...
Bi=A,B;=A,-A,,..,B,= = Ay
then {B,} is a sequence of pairwise mutually exc

, B,,, such that
An | (n 2 2)

lusive events. In this case,

EA 23 andZA ZB ....... )

Scanned with CamScanner



v ——— T

= 3 P(B,) [by (3)]
1

= limiP(B,-) = limP(ﬁ:B,.J = limP(’zAiJ
i=I

T ANW QY AT'STICS

i=] i=1
=lim P(A))
Thus, P(lim A)) = lim P(A,)).

Case II. When the sequence {A,)

IS monotonic non-increasing o
contractiag sequence of events.

In this case, A, D Ay 2A;2-2 A, and hence {K

,,} IS monotonic nos-
decreasing or expanding sequence. So, as derived in case I,

P{limA, } = lim P(A,) e (4)
But, P(limA, ) = P(iimA, ) = 1 - P(lima, )
Hence from (4),
| P(llm An) =1-1lim P(An)
or, P(lim A,) =lim P(A)).

So. in either case,
P(lim A,) = lim P(A,)
A
M aw A l/ s



A5, Bernoulli’s trials :
o ¢\;W Let a random experiment be repeated n times. Then these repeated » trials are
said to be Bernoulli’s trials or n-Bernoulli trials if
(i) these trials are independent,
(ii) in each trial, there are only two possible outcomes, generally known as
‘success’ and ‘failure’,
(iii) probability of ‘success’ (or *failure’) remains the same for each trial,
An unbiased coin tossed n times is an example of a Bernoulli's trial, The
event space consists of only two points *head’ (success) and “tail’ (failure) and in
each trial, probability of getting head is :', |

- - - -
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